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Abstract. We calculate the tropical Dolbeault cohomology for the analytifications
of P1 and Mumford curves over non-archimedean fields. We show that the cohomology
satisfies Poincaré duality and behaves analogously to the cohomology of curves over
the complex numbers. Further, we give a complete calculation of the dimension of the
cohomology on a basis of the topology.
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1. Introduction
In their preprint [CLD12], Chambert–Loir and Ducros introduced bigraded real-valued
differential forms on Berkovich analytic spaces. These forms are analogues of differential
forms on complex manifolds. Their construction is based on the definition of (p, q)-
superforms on open subsets of Rr together with linear differential operators d′ and d′′
by Lagerberg [Lag12]. For a Berkovich analytic space X, one obtains a double complex
(A•,•X , d
′, d′′) of fine sheaves of real vector spaces. It arose the natural question of whether
the d′′-cohomology Hp,q := Hq(Ap,•, d′′) defined by these forms, and its dimension hp,q :=
dimRH
p,q, behave in a similar way as in the complex case. A Poincaré lemma was
established in [Jel16b]. This implies that the cohomology of these forms encodes the
singular cohomology of X. Namely, we have Hqsing(X,R) = H
0,q(X).
Let K be an algebraically closed, complete, non-archimedean field and X a smooth
proper variety overK with Berkovich analytification Xan. As a consequence of the above,
we have H0,q(Xan) = 0 for all q > 0 if X has good reduction. In particular, we do not
have h0,1(Xan) = g for all smooth proper curvesX of genus g. To our knowledge, the only
calculation of hp,q(Xan) for p > 0 is that if X has good reduction, we have hp,0(Xan) = 0
Both authors were supported by the collaborative research center SFB 1085 "Higher Invariants"
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for p = 1 or p = dim(X) [Jel16a, Proposition 3.4.11] and for other p under further
assumptions [?, Theorem 1.1]. At this point, let us mention that the cohomology of
differential forms introduced by Chambert–Loir and Ducros was also studied by Yifeng
Liu, who amongst other things defines a cycle class map CHp(X) → Hp,p(Xan) and
shows finite dimensionality of H1,1(Xan) for X proper and smooth over K = Cp [Liu16,
Theorem 1.8].
In the case that the analytic space is the analytification of an algebraic variety, there
have been slight modifications of the definitions by Chambert-Loir and Ducros by Gubler
[Gub16] and the first author [Jel16a]. Both of these approaches lead canonically to the
same forms as the approach by Chambert–Loir and Ducros if the absolute value of K is
non-trivial.
In this present work, we give a complete calculation of hp,q(Xan) for P1 and Mumford
curves, i.e. smooth projective curves X such that the special fibre of a semistable model
has only rational irreducible components (cf. Section 2 for some general properties of
these curves). We indeed find as in the complex case the following dimensions. Note
that hp,q(Xan) = 0 for every algebraic curve X if p > 1 or q > 1.
Theorem 1. Let either X be P1K or K be non-trivially valued and X a Mumford curve
over K. We denote by g the genus of X and let p, q ∈ {0, 1}. Then we have
hp,q(Xan) =
{
1 if p = q,
g else.
The key statement to obtain this result is Poincaré duality for certain open subsets
V of Xan for a smooth algebraic curve X. We write Hp,qc (V ) := H
q(Ap,•c (V ), d
′′), where
Ap,qc (V ) are the sections of A
p,q(V ) with compact support. For the definition of points
of type 2 and their genus see Definition 2.25.
Theorem 2 (Poincaré Duality). Let K be non-trivially valued, X a smooth curve over
K and V ⊂ Xan an open subset such that all points of type 2 in V have genus 0. Then
Hp,q(V )→ H1−p,1−qc (V )
∗, [α] 7→ ([β] 7→
∫
V
α ∧ β)
is an isomorphism for all p, q.
If K is trivially valued, then the statement is still true for any open subset V of P1,anK .
If K is non-trivially valued, for a smooth curve X a basis of the topology of Xan
is given by so called strictly simple open subset (for a definition see 5.2). Theorem 2
enables us to calculate hp,q and hp,qc for strictly simple open open subsets which do not
contain type 2 points of positive genus. By the boundary of such a strictly simple open
subset we mean the topological boundary in Xan. In particular, we show in Corollary
5.5 that this boundary is finite.
Theorem 3. Let K be non-trivially valued, X be a smooth projective curve over K and
p, q ∈ {0, 1}. Let V be a strictly simple open subset of Xan such that all type 2 points
in V have genus 0 and denote by k := #∂V the finite number of boundary points. Then
we have
hp,q(V ) =

1 if (p, q) = (0, 0)
k − 1 if (p, q) = (1, 0)
0 if q 6= 0
and hp,qc (V ) =

1 if (p, q) = (1, 1)
k − 1 if (p, q) = (0, 1)
0 if q 6= 1.
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Note additionally that for any smooth algebraic curve X of genus g, the space Xan
contains at most g points of type 2 with positive genus [BPR14, Remark 4.18]. Thus
this theorem describes the cohomology locally at all but finitely many points. Further,
if X is a Mumford curve, then Xan contains no type 2 points of positive genus (Theorem
2.28 and Proposition 2.26). Thus Theorem 3 describes the cohomology on a basis of the
topology.
We want to give a quick overview of the techniques we use. Differential forms on
Berkovich analytic spaces are defined using superforms in the sense of Lagerberg [Lag12]
on tropical varieties. For a tropical variety Y one obtains a double complex (A•,•Y , d
′, d′′)
of sheaves on Y . These forms are then pulled back along the tropicalization map. For
an open subset V of A1,an one a priori needs to consider all tropicalizations to determine
the cohomology Hp,q(V ) resp. Hp,qc (V ). Our key idea is to use the invariance of H
p,q(Y )
resp. Hp,qc (Y ) along tropical modifications (cf. Proposition 2.24) to show that, for a large
class of open subsets V of A1,an, the cohomology Hp,q(V ) resp. Hp,qc (V ) can be calculated
using only one single tropicalization (cf. Theorem 3.14).
Since we can further show that this tropicalization can be taken such that the resulting
tropical curve is smooth, we can use the fact that open subsets of a smooth tropical curve
satisfy Poincaré duality to prove that V does as well and then proceed to prove Theorems
1 and 3.
In this sense, the present paper can be seen as an application of the tropical statements
of [JSS15, Chapter 4] to the Berkovich analytic setting. To make this work we use A-
tropical charts, i.e. tropicalizations of closed embeddings ϕ : U → Ar for an affine open
subset U of X, as in [Jel16a].
If one wishes to apply our techniques to more general curves resp. varieties, one needs
to have a better understanding of when refinements between tropical charts induce trop-
ical modifications and when tropicalizations are smooth.
In Section 2, we recall all relevant notions and statements from previous work, includ-
ing (smooth) tropical curves, superforms, forms on Berkovich spaces, Poincaré duality,
tropical modifications and Mumford curves.
In Section 3, we define linear A-tropical charts (V, ϕ). These are given by closed
embeddings ϕ : A1 → Ar such that the corresponding algebra homomorphism ϕ♯ is
given by linear polynomials and V = ϕ−1trop(Ω) for an open subset Ω of Tropϕ(A
1) (for
the definition of Tropϕ(A
1) see Definition 2.10). We will show that refinements of linear
A-tropical charts (cf. Definition 2.12) induce tropical modifications on the tropical level
(cf. Theorem 3.7) and that Tropϕ(U) is a smooth tropical curve (cf. Theorem 3.8).
Combining this result with the fact that Hp,q and Hp,qc are invariant under pullback along
tropical modifications leads to the main result of this section: Hp,qc (V ) is isomorphic to
Hp,qc (ϕtrop(V )) for any linear A-tropical chart (V, ϕ) where V is a standard open subset
of A1,an. A definition of standard open subsets of A1,an is given in Definition 2.9.
In Section 4, we prove Poincaré duality for open subsets V of Xan, where X is a
smooth algebraic curve and V does not contain any point of type 2 which has positive
genus. For this we use our considerations from Section 3 and the fact that these sets
V are locally isomorphic to open subsets of A1,an (cf. Proposition 2.26). For the proof
of Poincaré duality, we first show that one can prove Poincaré duality locally. Thus, it
follows from the fact that Hp,qc (V ) is isomorphic to H
p,q
c (ϕtrop(V )) and ϕtrop(V ) having
Poincaré duality for suitable open subsets V , which is known from [JSS15].
In Section 5, we apply Poincaré duality to prove Theorem 1 and Theorem 3.
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Recent developments. Since the first version of this paper was posted, two further pa-
pers studying tropical Dolbeault cohomology of curves have been posted. Y. Liu showed
that for smooth projective curves X there exists an isomorphism N : H1,0(Xan) →
H0,1(Xan), when the following assumptions are satisfied: X is the base change to the
completed algebraic closure of a smooth projective curve X0 over a field K0, where K0
is either a finite extension of Qp or k((t)) for a finite field k. Further, X has to admit
a strictly semistable model over the valuation ring of K0 [?, Theorem 1.1]. Also the
first author showed that if the residue field of K is the algebraic closure of a finite field,
all smooth projective curves over K satisfy Poincaré duality [?, Corollary 4.3]. He also
proves some local results, using Theorem 2 from this paper.
Acknowledgments. The authors would like to thank Walter Gubler and Klaus Kün-
nemann for very carefully reading drafts of this work and Vladimir Berkovich for ex-
plaining us that Proposition 2.26 follows from his work. The authors are also grateful to
the anonymous referee for their very detailed report, which helped a lot to improve the
presentation of this paper.
2. Preliminaries
The aim of this section is to describe the notions we need and review some statements
from previous work.
In this paper, let K be an algebraically closed field endowed with a complete, non-
archimedean absolute value | |. A variety over K is an irreducible separated reduced
scheme of finite type over K and a curve is a 1-dimensional variety over K.
2.1. Tropical curves and differential forms on Berkovich spaces. Chambert–
Loir and Ducros introduced bigraded real-valued differential forms on Berkovich analytic
spaces in their preprint [CLD12]. These are based on the definition of (p, q)-superforms
on open subsets of Rr by Lagerberg [Lag12]. In this subsection, we give a short overview
of these forms on the analytification of an algebraic curve.
Further, we review Poincaré duality and tropical modifications. We restrict ourselves
to the case of curves. The general case can be found, in a more conceptual way, in [JSS15,
Section 2] (for the tropical side) and [Jel16a] (for the approach to forms on Berkovich
spaces using A-tropical charts).
Definition 2.1. i) For an open subset U ⊂ Rr denote by Aq(U) the space of smooth
real differential forms of degree q. The space of superforms of bidegree (p, q) on U is
defined as
Ap,q(U) := ΛpRr∗ ⊗R A
q(U).
ii) There is a differential operator
d′′ : Ap,q(U) = ΛpRr∗ ⊗R A
q(U)→ ΛpRr∗ ⊗R A
q+1(U) = Ap,q+1(U)
which is given by (−1)p id⊗D, where D is the usual exterior derivative.
iii) There is a wedge product
∧ : Ap,q(U)×Ap
′,q′(U)→ Ap+p
′,q+q′(U),
(α⊗ ψ, β ⊗ ν) 7→ (−1)p
′qα ∧ β ⊗ ψ ∧ ν,
which is, up to sign, induced by the usual wedge product.
For all p, q the functor U 7→ Ap,q(U) defines a sheaf on Rr and we have Ap,q = 0 if
max(p, q) > r.
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Definition 2.2. Let T := [−∞,∞) and equip it with the topology of a half open interval.
Then Tr is equipped with the product topology.
A one dimensional polyhedral complex C in Rr is a finite set of closed intervals, half
lines, lines in Rr (called edges), and points (called vertices) such that for each edge all
endpoints are vertices and the intersection of two edges is empty or a vertex. For each
σ ∈ C we define L(σ) := {λ · (z − z′)|λ ∈ R, z, z′ ∈ σ} ⊂ Rr. C is called R-rational if
L(σ)∩Zr 6= {0} for all edges σ ∈ C. The support of such a complex C, which we denote by
| C |, is the union of its edges and vertices. We only consider non-trivial one dimensional
polyhedral complexes, i.e. complexes which do not only consist of vertices. A polyhedral
R-rational curve Y in Tr is the topological closure of | C | for a one dimensional R-rational
polyhedral complex C. A polyhedral structure C on Y is a one dimensional R-rational
polyhedral complex C′ such that | C′ | = Y ∩ Rr plus the vertices at infinity (i.e. points
in Y \ Rr).
Let Y be a polyhedral R-rational curve and C a polyhedral structure on Y . C is called
weighted if it is equipped with a weight mσ ∈ Z on each edge σ ∈ C. It is called balanced
if for all vertices z, which are not at infinity, we have∑
σ:z∈σ
mσνz,σ = 0,
where νz,σ is the unique primitive vector in Z
r ∩ L(σ) pointing outwards of σ at z.
A tropical curve Y is a R-rational polyhedral curve with a balanced weighted poly-
hedral structure (C,m), up to weight preserving subdivision of C. Such a (C,m) is then
called a weighted polyhedral structure on Y .
Definition 2.3. Let Y be R-rational polyhedral curve in Tr and Ω an open subset
of Y . If Ω ⊂ Rr, then a superform of bidegree (p, q) on Ω is given by a superform
α ∈ Ap,q(U) for U an open subset of Rr such that Ω = Y ∩ U . We can view α as a
map U × (Rr)p × (Rr)q → R and for σ ∈ C we can consider its restriction to (Ω ∩ σ) ×
L(σ)p × L(σ)q ⊂ U × (Rr)p × (Rr)q. Two forms are identified if for some (and then all)
polyhedral structures C on Y and all σ ∈ C their restrictions to (Ω∩ σ)×L(σ)p ×L(σ)q
agree.
For general Ω, a form α on Ω is given by a form α′ on Ω′ := Ω ∩ Rr, satisfying the
following boundary conditions: For each x ∈ Ω \Ω′, there exists a neighborhood Ωx of x
in Ω such that
i) if (p, q) = (0, 0), then α′|Ωx∩Rr is constant (note here that α
′ is indeed a function
on Ω′ in that case);
ii) otherwise, we require α′|Ωx∩Rr = 0.
We denote the space of such (p, q)-forms on Ω by Ap,q(Ω) and by Ap,qc (Ω) the space
of forms with compact support.
The presheaf Ω 7→ Ap,q(Ω) is indeed a sheaf on Y .
We define the differential and the wedge product by applying the respective operation
to the forms on U representing forms on Ω.
Remark 2.4. The differential d′′ and the wedge product are well defined on Ap,q(Ω)
resp. Ap,qc (Ω).
While the definition of forms on Y may seem very ad hoc, they give a good notion
of forms on tropical curves in Tr. We refer to [JSS15] for more conceptual definitions
which also work for higher dimensional tropical varieties. Theorem 3.22 in loc. cit. can
be seen as evidence that these definitions give a good definition of forms.
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Remark 2.5. Let Y be a tropical curve and Ω an open subset of Y . There is a canonical
non-trivial integration map
∫
: A1,1c (Ω)→ R which satisfies
∫
d′′α = 0 for all α ∈ A1,0c (Ω)
[JSS15, Definition 4.5 & Theorem 4.9]. Note here that open subsets of tropical curves
are tropical spaces in the sense of [JSS15, Definition 4.8].
Definition 2.6. Let U ′ ⊂ Tr
′
and U ⊂ Tr be open subsets. An extended linear
resp. affine map F : U ′ → U is the continuous extension (which may not always ex-
ist (!)) of a linear resp. affine map F : U ′ ∩ Rr
′
→ U ∩ Rr.
Remark 2.7. There is a well defined, functorial pullback of superforms along extended
affine maps F which commutes with d′′ and ∧. If F maps a polyhedral curve Y1 to a
polyhedral curve Y2, then this induces a pullback F
∗ : Ap,qY2 → F∗A
p,q
Y1
.
Theorem 2.8 (Poincaré lemma). Let Y be a tropical curve and Ω a connected open
subset of Y , which, for some polyhedral structure C on Y , contains at most one vertex.
Let α ∈ Ap,q(Ω) such that q > 0 and d′′α = 0. Then there exists β ∈ Ap,q−1(Ω) such
that d′′β = α.
Proof. If Ω contains a vertex z which is not at infinity, then it is polyhedrally star shaped
with center z in the sense of [Jel16b, Definition 2.2.11]. If Ω contains no vertex, then it is
just an open line segment and polyhedrally star shaped with respect to any of its points.
Thus if Ω contains no vertex at infinity, the result follows from [Jel16b, Theorem 2.16].
If the vertex is at infinity, Ω is a half open line with vertex at infinity, thus basic open
in the sense of [JSS15, Definition 3.7] and the statement follows from [JSS15, Theorem
3.22 & Proposition 3.11]. 
Definition 2.9. We denote by Ar,an the Berkovich analytification of ArK which is the
set of multiplicative seminorms on K[T1, . . . , Tr], which extend the absolute value on
K, endowed with the weakest topology such that for every f ∈ K[T1, . . . , Tr] the map
Ar,an → R, ρ 7→ ρ(f) is continuous. A basis of open subsets of Ar,an is given by sets of
the form {ρ ∈ Ar,an | ai < ρ(fi) < bi} for ai, bi ∈ R ∪ {∞} and fi ∈ K[T1, . . . , Tr]. We
call sets of this form standard open subsets of Ar,an.
In general, we denote for an algebraic variety X by Xan its analytification in the sense
of Berkovich [Ber90].
Definition 2.10. Let Z be a closed subvariety of Ar = Spec(K[T1, . . . , Tr]). Then we
define Trop(Z) to be the image of Zan under the tropicalization map
trop: Ar,an → Tr,
ρ 7→ (log(ρ(T1)), . . . , log(ρ(Tr))).
Let X be a curve, U an open subset of X and ϕ : U → Ar a closed embedding such that
ϕ(U) ∩ Grm 6= ∅. We say that ϕ is given by f1, . . . , fr ∈ OX(U) if the corresponding
K-algebra homomorphism ϕ♯ : K[T1, . . . , Tr] → OX(U) maps Ti to fi. Then ϕtrop :=
trop ◦ϕan : Uan → Tr is given by ρ 7→ (log(ρ(f1)), . . . , log(ρ(fr))). The map ϕtrop is
proper in the sense of topological spaces.
Further, we write Tropϕ(U) := ϕtrop(U
an). Note that Tropϕ(U) ∩ R
r is equal to the
support of a one dimensional R-rational polyhedral complex [Gub13, Theorem 10.14]
and Tropϕ(U) is its closure [Jel16a, Lemma 3.1.4]. Hence, Tropϕ(U) is an R-rational
polyhedral curve. There is also a canonical way to associate positive weights to Tropϕ(U).
How to do this for Tropϕ(U)∩R
r is explained in [Gub13, 13.10]. Since all our edges are
contained in Rr, we simply take the weights defined there.
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Another embedding ϕ′ : U ′ → Ar
′
is called a refinement of ϕ if U ′ ⊂ U and there
exists a torus equivariant map ψ : Ar
′
→ Ar such that ϕ|U ′ = ψ ◦ ϕ
′. If that is the case,
we obtain an extended linear map Trop(ψ) : Tropϕ′(U
′) → Tropϕ(U) which satisfies
ϕtrop = Trop(ψ) ◦ ϕ
′
trop on (U
′)an. Since we have Tropϕ′(U
′) = ϕ′trop((U
′)an), the map
Trop(ψ) is independent of ψ. We call this map the transition map between ϕ and ϕ′.
Note that if for i = 1, . . . , n we have closed embeddings ϕi : Ui → A
ri , then ϕ1× · · · ×
ϕn :
⋂n
i=1 Ui →
∏n
i=1 A
ri is a common refinement of all the ϕi.
Theorem 2.11. The space Tropϕ(U) together with the weights mentioned above is a
tropical curve.
Proof. For Tropϕ(U) ∩R
r, this theorem is due to many people, including Bieri, Groves,
Sturmfels and Speyer. For a proof see [Gub13, Theorem 13.11]. Since our weights are
the same as in [Gub13, Theorem 13.11] and the balancing condition is only required at
points in Rr, the theorem follows. 
Definition 2.12. Let X be an algebraic curve. An A-tropical chart is given by a pair
(V, ϕ), where V ⊂ Xan is an open subset and ϕ : U → Ar is a closed embedding of an
affine open subset U of X such that V = ϕ−1trop(Ω) for an open subset Ω ⊂ Tropϕ(U).
Another A-tropical chart (V ′, ϕ′) is called an A-tropical subchart of (V, ϕ) if ϕ′ is a
refinement of ϕ and V ′ ⊂ V .
Note that if (V, ϕ) is a tropical chart and ϕ′ : U ′ → Ar
′
is a refinement of ϕ such
that V ⊂ U ′ an, then (V, ϕ′) is an A-tropical chart, thus in particular a subchart of
(V, ϕ). To see this, let Trop(ψ) be the transition map between ϕ and ϕ′ and Ω such that
V = ϕ−1trop(Ω). Then V = ϕ
′−1
trop(Trop(ψ)
−1(Ω)).
A-tropical charts form a basis of the topology of Xan [Jel16a, Lemma 3.2.35 & Lemma
3.3.2]. We will show this for X = A1 in Lemma 3.12.
Definition 2.13. Let X be an algebraic curve and V an open subset of Xan. An element
of Ap,qX (V ) is given by a family (Vi, ϕi, αi)i∈I such that
i) for all i ∈ I the pair (Vi, ϕi) is an A-tropical chart and
⋃
i∈I Vi = V ;
ii) for all i ∈ I we have αi ∈ A
p,q
Tropϕi (Ui)
(ϕi,trop(Vi));
iii) for all i, j ∈ I there is a cover of Vi∩Vj by common tropical subcharts (Vijl, ϕijl)l∈L
such that for all l the forms αi and αj agree when pulled back to (Vijl, ϕijl) via the
corresponding transition maps.
Another such family (Vj , ϕj , αj)j∈J defines the same form on V if (Vi, ϕi, αi)i∈I∪J still
defines a form on V .
Let V ′ ⊂ V and α ∈ Ap,qX (V ) given by (Vi, ϕi, αi)i∈I . The subset V
′ can be covered
by A-tropical subcharts (Wij , ϕij) of (Vi, ϕi) [Jel16a, Lemma 3.2.35]. We define α|V ′ to
be given by the family (Wij, ϕij ,Trop(ψi,ij)
∗αi)ij . Note that α|V ′ is independent of all
choices.
Then V 7→ Ap,qX (V ) defines a sheaf on X
an, which we denote by Ap,qX . If the space
of definition is clear, we often just use the notation Ap,q. By Theorem 2.11, we have
Ap,qX = 0 if max(p, q) > 1.
The differential d′′ and the wedge product carry over.
For a tropical chart (V, ϕ), we call the map Ap,q(ϕtrop(V )) → A
p,q(V ) the pullback
along ϕtrop.
Proposition 2.14. Let (V, ϕ) be an A-tropical chart. Then the pullback along ϕ is
injective. Further, if α ∈ Ap,q(V ) is given by (V, ϕ, α′), then ϕtrop(supp(α)) = supp(α
′).
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Proof. The first statement is shown in [Jel16a, Lemma 3.2.42]. The second statement
then follows from the first as in [CLD12, Corollaire 3.2.3]. 
Definition 2.15. For V an open subset of Xan, there is a non-trivial integration map∫
: A1,1c (V ) → R which is compatible with pullback and satisfies
∫
d′′α = 0 for all
α ∈ A1,0c (V ). For an explicit description we refer to [Jel16a, Definition 3.2.58].
Let Y be either the analytification of an algebraic curve or a polyhedral curve and V
an open subset of Y . Then we denote the presheaf V 7→ Ap,qY,c(V )
∗ := HomR(A
p,q
Y,c(V ),R)
by Ap,qY,c
∗
. Note that we do not put any topology on Ap,qY , thus the dual is always meant
in the sense of linear algebra. We write Hp,q(V ) := Hq(Ap,•(V ), d′′) and Hp,qc (V ) :=
Hq(Ap,•c (V ), d
′′) and denote by hp,q(V ) resp. hp,qc (V ) the respective R-dimensions. We
denote by d′′∗ the dual of the differential and use the notation LpY := ker(d
′′ : Ap,0Y →
Ap,1Y ) and G
p
Y := ker(d
′′∗ : Ap,1Y,c
∗
→ Ap,0Y,c
∗
).
Definition 2.16. We denote by hqsing(V ) resp. h
q
c,sing(V ) the R-dimension of the singular
cohomology Hqsing(V,R) resp. H
q
c,sing(V,R).
Theorem 2.17. Let X be an algebraic resp. tropical curve and V an open subset of
Xan resp. X. Then LpV → (A
p,•
V , d
′′) is an acyclic resolution of Lp. In particular,
we have Hq(V,Lp) = Hq((Ap,•(V ), d′′)) and Hqc(V,L
p) = Hq((Ap,•c (V ), d
′′)). Here Hqc
denotes sheaf cohomology with compact support. We also have L0V = R, where R denotes
the constant sheaf with stalks R. As a consequence, we obtain h0,q(V ) = hqsing(V ) and
h0,qc (V ) = h
q
c,sing(V ).
Proof. The sheaves Ap,qX are fine for a tropical curve X [JSS15, Lemma 2.15]. As a
consequence, the sheaves Ap,qX are also fine for an algebraic curve X [Jel16a, Lemma
3.2.17, Proposition 3.2.46 & Lemma 3.3.6]. That (Ap,•V , d
′′) is exact in positive degree
follows from Theorem 2.8 for the tropical case and from [Jel16a, Theorem 3.4.3] for the
algebraic case. That L0V = R is shown in [Jel16a, Lemma 3.4.5]. The rest now follows
from standard sheaf theory since V is Hausdorff and locally compact. The fact that
Ap,qV are acyclic for both the functor of global section respectively global sections with
compact support follows from [Wel80, Chapter II, Proposition 3.5 & Theorem 3.11] and
[Ive86, III, Theorem 2.7] and identification with singular cohomology comes from [Bre97,
Chapter III, Theorem 1.1]. 
Lemma 2.18. Let Y be either the analytification of an algebraic curve or a polyhedral
curve. Then the presheaf Ap,qY,c
∗
is a sheaf and flasque. Further,
Hq(A1−p,1−•Y,c
∗
(V ), d′′∗) = H1−p,1−qc (V )
∗(2.1)
for every open subset V of Y .
Proof. It is a sheaf because Ap,qY admits partitions of unity and it is flasque because for
all W ⊂ V the map Ap,qY,c(W )→ A
p,q
Y,c(V ) is injective. The second assertion is true since
dualizing is an exact functor. 
Definition 2.19. Let X be an algebraic or tropical curve and V an open subset (of Xan
in the algebraic case). We define
PD: Ap,q(V )→ A1−p,1−qc (V )
∗, α 7→ (β 7→ ε
∫
α ∧ β)
where ε = 1 if p = q = 0 and ε = −1 else. The morphism PD defined above induces
a morphism of complexes PD: Ap,•(V ) → A1−p,1−•c (V )
∗ where the complex Ap,•(V ) is
equipped with d′′ and A1−p,1−•c (V )
∗ with its dual map (d′′)∗.
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Hence, we get a morphism PD: Hp,q(V )→ H1−p,1−qc (V )
∗ by (2.1). We say that V has
PD if the map on cohomology is an isomorphism for all (p, q).
Lemma 2.20. The map PD defined above induces a monomorphism Lp → G1−p.
Proof. That PD maps Lp to G1−p follows because PD is a morphism of complexes.
To show that this map is injective it is sufficient to show that PD: Ap,0 → A1−p,1c
∗
is injective, i.e. that for all α ∈ Ap,0(V ) \ {0} there exists β ∈ A1−p,1c (V ) such that∫
V
α∧ β 6= 0. In the tropical situation, there exists an open subset Ω which is contained
in an edge σ and a coordinate x on σ such that α|Ω = ±f resp. α|Ω = fd
′x for f > 0.
Then letting g be a bump function with compact support in Ω and β = ±gd′x ⊗ d′′x
resp. β = gd′′x suffices
In the algebraic situation, let α be given by (Vi, ϕi, αi). Choose i such that αi 6= 0
and βi ∈ A
1−p,1
c (ϕi,trop(Vi)) with
∫
ϕi,trop(Vi)
αi ∧ βi 6= 0. By definition of integration, we
have
∫
V
α ∧ ϕ∗i,trop(βi) =
∫
ϕi,trop(Vi)
αi ∧ βi which proves the claim. 
Definition 2.21. Let z be a vertex of a tropical curve Y and let σ0, . . . , σk be the edges
which contain z. We define val(z) := k + 1. Further, we define dim(z) := dim(L(σ0) +
. . . + L(σk)) if z is not at infinity and dim(z) = 0 if z is at infinity.
A tropical curve X is called smooth if all weights are 1 and for every vertex z we have
val(z) = dim(z) + 1.
Theorem 2.22. Open subsets of smooth tropical curves have PD.
Proof. Let Y be a smooth tropical curve and Ω an open subset. Let C be a polyhedral
structure on Y . Since tropical manifolds in the sense of [JSS15, Definition 4.15] have PD
by [JSS15, Theorem 4.33], it is enough to show that any point z ∈ Ω has a neighborhood
which is either isomorphic to an open subset of T or to an open subset of a Bergman fan
B(M) of a matroid M . If z is not a vertex, it has a neighborhood which is isomorphic
to an open interval, thus to an open subset of T. If z is a vertex at infinity, it has a
neighborhood isomorphic to [−∞, b) ⊂ T for some b ∈ R. Now let z be a vertex which is
not at infinity and let k be as in Definition 2.21. Let U2,k be the uniform matroid of rank
2 on k Elements, i.e. the base set is {1, . . . , k} and the rank function is A 7→ max{#A, 2}.
Following the construction of the Bergman fan in [Sha13, §2.4] we find that B(U2,k) is
the fan whose rays are spanned by −e1, . . . ,−ek and
∑k
i=1 ei where ei denotes the i-th
unit vector in Rk. Now, after translation of z to the origin, νz,σi 7→ ei for i = 1, . . . , k
provides a linear isomorphism of a neighborhood of z with an open neighborhood of the
origin in B(U2,k). Note here that −σz,σ0 7→
∑
ei by the balancing condition and that
νz,σi for i = 1, . . . , k are linearly independent since dim(z) = val(z) + 1. 
Construction 2.23. We now describe the operation of tropical modification (for a more
detailed introduction see [BIMS15]). Let X ⊂ Tr be a tropical curve and P : X → R
a continuous, piecewise affine function with integer slopes. The graph ΓX(P ) of P is a
polyhedral R-rational curve in Tr+1. Choosing a polyhedral structure C on X such that
P is affine on every edge and defining the weight mΓσ(P ) := mσ for every σ ∈ C makes
ΓX(P ) into a weighted R-rational polyhedral curve. It is however not balanced, because
P is only piecewise affine. Let z ∈ X be a point where P is not affine. If we add a line
σz := [(z, P (z)), (z,−∞)], then there is a unique weight mσz to make Γ(P )∪σz balanced
at z. If we do this for every such z ∈ X, we obtain a tropical curve Y . The projection
π : Tr+1 → Tr restricts to a map δ : Y → X and we call δ a tropical modification.
Note that δ is a proper map in the sense of topological spaces.
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Proposition 2.24. Let δ : Y → X be a tropical modification. Let V be an open subset
of X and W = δ−1(V ). Then
δ∗ : Hp,q(V )→ Hp,q(W ) and δ∗ : Hp,qc (V )→ H
p,q
c (W )
are isomorphisms which are compatible with the Poincaré duality map.
Proof. The first statement follows from [Sha15, Theorem 4.13] using the identification
of Hp,q with tropical cohomology [JSS15, Theorem 3.22 & Proposition 3.24]. For a proof
which is closer to our setting and also takes Hp,qc into account, we refer to [Sma17,
Corollary 1.58].
That this is compatible with the PDmap is just saying that integration of a (1, 1)-form
with compact support commutes with pullback along δ. This follows from the tropical
projection formula [Gub16, Proposition 3.10]. 
2.2. Non-archimedean Mumford curves. In this subsection, we recall the definition
of Mumford curves and give a further characterization of them which is needed in Sections
4 and 5.
Definition 2.25. We say that an analytic space Y is locally isomorphic to P1,an if there
is a cover of Y by open subsets which are isomorphic to open subsets of P1,an in the sense
of analytic spaces.
Let X be a smooth algebraic curve over K and x ∈ Xan. We denote by H (x) the
completed residue field at x and by H˜ (x) its residue field. The point x is said to be of
type 2 if H˜ (x) is of transcendence degree 1 over K˜, the residue field of K. If this is
the case, the genus of x is defined as the genus of the smooth projective K˜-curve with
function field H˜ (x).
Note that there are only finitely many points of type 2 of positive genus in Xan
[BPR14, Remark 4.18].
Proposition 2.26. Let X be a smooth curve and V ⊂ Xan an open subset. Then V
is locally isomorphic to P1,an if and only if it does not contain any point of type 2 with
positive genus.
Proof. By [BR10, Proposition 2.3], every type 2 point of P1,an has genus zero. Hence, if
V is locally isomorphic to P1,an, all its type 2 points have genus 0.
Now, we assume that every type 2 point in V has genus zero. Then [Ber07, Proposition
2.2.1] says that we have an open covering of V by open discs, open annuli and sets which
are isomorphic to P1,an without the disjoint union of a finite number of closed discs. Note
that we have used that the definition of the genus of a point in [Ber07] is equal to the
one in Definition 2.25 [Ber07, p. 31]. Hence, V is locally isomorphic to P1,an. 
Definition 2.27. A smooth projective curve X of genus g ≥ 1 is called aMumford curve
if there is a semistable model X such that all irreducible components of the special fibre
are rational (cf. [Ber90, Theorem 4.4.1]).
Note that there exist no Mumford curves over a trivially valued field K since otherwise
K◦ = K and so the only semistable model of X is X itself, which cannot be rational due
to g ≥ 1.
Theorem 2.28. Let X be a smooth projective curve over K of genus g. Then the
following properties are equivalent:
i) X is a Mumford curve or is isomorphic to P1.
ii) Xan is locally isomorphic to P1,an.
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iii) h0,1(Xan) = g.
Proof. If g = 0, then X is isomorphic to P1 and all three properties are satisfied. In-
deed, the third one is true since h0,1(P1,an) = h1sing(P
1,an) by Theorem 2.17 and P1,an is
contractible.
If g ≥ 1, property i) implies ii) by [Ber90, Theorem 4.4.1]. Note here that for any
analytic space Y , the topological universal cover π : Z → Y of Y is given by the analytic
structure which makes π into a local isomorphism. Thus Xan is locally isomorphic to its
universal cover.
On the other hand, if ii) is satisfied, we know from Proposition 2.26 that every type
2 point in Xan has genus zero. Let X be any semistable model. Then every irreducible
component of the special fibre corresponds to a type 2 point x ∈ Xan, and we denote
this component by Cx. The curve Cx is birationally equivalent to the smooth projective
K˜-curve with function field H˜ (x) by [Ber90, Proposition 2.4.4]. We know that the latter
curve is of genus zero, and so Cx is as well. Thus, every irreducible component Cx is
rational.
Since the skeleton of a Berkovich space is a deformation retract, iii) is equivalent to
the skeleton of Xan having first Betti number equal to g by Theorem 2.17. Thus we
know from [Ber90, Theorem 4.6.1], that we have h0,1(Xan) = g if and only if X is a
Mumford curve or a principal homogeneous space over a Tate elliptic curve. The first
sentence in the proof of [Ber90, Lemma 4.6.2] shows that if K is algebraically closed, the
only principal homogeneous space over any Tate elliptic curve is the curve itself. Since
Tate elliptic curves are indeed Mumford curves, we have equivalence of i) and iii) also
for g ≥ 1. Thus all properties are equivalent. 
3. Cohomology of open subsets of the Berkovich affine line
The goal of this section is to get a better description of the cohomology of a basis
of open subsets of A1,an (cf. Theorem 3.14). We use this description to prove Poincaré
duality for a special class of open subsets of the analytification Xan of a smooth algebraic
curve X in Section 4.
3.1. Tropicalization of linear embeddings and refinements. In this section, we
consider a special class of embeddings of the affine line into affine spaces, which are
called linear embeddings. We show that their tropicalizations are smooth tropical curves
and that their refinements induce tropical modifications (Theorem 3.8 and Theorem 3.7).
Definition 3.1. A closed embedding ϕ : A1 → Ar is called a linear embedding if ϕ is
given by linear polynomials (x− ai)i∈[r], where [r] := {1, . . . , r}.
Another linear embedding ϕ′ : A1 → Ar
′
is called a linear refinement if ϕ = π ◦ ϕ′,
where π is the projection to a set of coordinates.
Lemma 3.2. Let ϕ : A1 → Ar be a linear embedding. Then all weights on Tropϕ(A
1)
are equal to 1.
Proof. Let ϕ be given by x − a1, . . . , x − ar and σ an edge of Tropϕ(A
1). Then there
exists some coordinate i such that the restriction of the i-th coordinate function to σ is
not constant. Obviously, ϕ is a refinement of the linear A-tropical chart ϕ′ : A1 → A1
which is given by x − ai. The weights on Tropϕ′(A
1) are obviously all 1 and thus so
is the one on σ by the Sturmfels-Tevelev multiplicity formula and the construction of
the pushforward of tropical cycles [Gub16, 4.10 & Proposition 4.11]. Note here, that
by the choice of i, σ is not contracted to a point when projecting from Tropϕ(A
1) to
Tropϕ′(A
1). 
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Lemma 3.3. Let R be a commutative ring with 1 and | . | be a non-archimedean mul-
tiplicative seminorm on R. Let x, ai, aj , b ∈ R such that |x − ai| ≤ |x − aj | and
|x− aj| 6= |b− aj |. Then we have
max(|x− ai|, |b− ai|) = max(|x− aj|, |b− aj |).
Proof. If the maximum on the left hand side is attained uniquely, then both sides equal
|x− b| by the ultrametric triangle inequality, and so the lemma holds.
If not, we have
|x− b| ≤ max(|x− ai|, |b− ai|) = |x− ai|
≤ |x− aj | ≤ max(|x− aj |, |b− aj|) = |x− b|,
and so equality holds as well. 
We fix a closed embedding ϕ : A1 → Ar which is given by linear polynomials x −
a1, . . . , x−ar. For b ∈ K we want to understand the behavior of the refinement ϕ
′ : A1 →
Ar+1 which is given by x − a1, . . . , x − ar, x − b. We will for the moment assume that
b 6= aj for all j ∈ [r].
Definition 3.4. We define a map P := Pa1,...,ar ,b : Tropϕ(A
1) → R in the following
way: For z ∈ Tropϕ(A
1) choose i ∈ [r] such that zi ≤ zj for all j ∈ [r] and define
P (z) := max(zi, log |b− ai|).
The next proposition shows the basic properties of P .
Proposition 3.5. In the situation above, we have:
i) P (z) is well defined, independent of the choice of i.
ii) For j ∈ [r] we have
P (z) = max(zj , log |b− aj|)
if the maximum on the right hand side is attained uniquely.
Proof. The second statement follows from Lemma 3.3 by choosing R = K[x] and letting
| . | be a point in A1,an which maps to z. The first then follows from the second and the
fact that for two minima zi, zj the equality max(zi, log |b− ai|) = max(zj , log |b− aj|) is
trivial if zi = log |b− ai| = zj = log |b− aj |. 
Lemma 3.6. The function P is continuous. It is affine at every point except (log |ai −
b|)i∈[r]. In particular, P is piecewise affine.
Proof. Let C be a polyhedral structure on Tropϕ(A
1) such that for each σ ∈ C there
exists iσ ∈ [r] such that for all z ∈ σ we have ziσ ≤ zj for all j ∈ [r] . Then P |σ is
continuous by definition, thus P is continuous.
If z 6= (log |ai−b|)i∈[r], then there exists j ∈ [r] such thatmax(zj , log |b−aj |) is attained
uniquely. Since this maximum is then attained uniquely for all z′ in a neighborhood of z,
Proposition 3.5 ii) shows that P is either constant or the projection to the j-th coordinate
on this neighborhood, so in particular affine. 
Theorem 3.7. Let ϕ : A1 → Ar be a linear embedding and ϕ′ : A1 → Ar+1 a linear
refinement. We consider the commutative diagram
Ar+1
π

A1
ϕ′
<<
②②②②②②②②② ϕ // Ar
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and the map Trop(π) : Tropϕ′(A
1) → Tropϕ(A
1) induced by the projection Tr+1 → Tr.
Then Trop(π) is a tropical modification.
Proof. Let ϕ be given by (x− a1), . . . , (x − ar) and ϕ
′ additionally by (x− b). If there
exists j ∈ [r] such that b = aj, then z 7→ (z, zj) is an extended linear map which is an
inverse of Trop(π). In particular, Trop(π) is an isomorphism and we are done. Thus, we
may assume that b 6= aj for all j ∈ [r].
In the following, we write X (resp. X ′) for Tropϕ(A
1) (resp. Tropϕ′(A
1)), use P as
defined in Definition 3.4 and use the notation zs for the point (log |b − ai|)i∈[r] ∈ R
r.
We want to show that X ′ is the completion of the graph ΓX(P ) ⊂ X × R ⊂ T
r+1 to a
tropical curve as explained in Construction 2.23.
We show that if z ∈ X \ {zs}, the unique preimage of z under Trop(π) : X
′ → X is
the point (z, P (z)) and that the preimage of zs is the line [(zs,−∞), (zs, P (zs))]. We
then conclude that P is indeed not linear in zs and that the line [(zs,−∞), (zs, P (zs))]
is precisely needed to rebalance the graph ΓX(P ), which proves the claim.
At first, let z ∈ X\{zs} and consider ρ ∈ A
1,an such that ϕtrop(ρ) = z. Then the
ultrametric triangle inequality implies P (z) = log(ρ(x − b)), which precisely means
ϕ′trop(ρ) = (z, P (z)), and that this is the unique preimage of z under Trop(π).
Next, we consider the preimage of the remaining point zs ∈ X. Let η(b, t) ∈ A
1,an
be given by the multiplicative seminorm f 7→ supc∈D(b,t) |f(c)| with t ≥ 0. Using the
ultrametric triangle inequality, we get ϕtrop(η(b, t)) = zs and ϕ
′
trop(η(b, t)) = (zs, log(t)),
for −∞ ≤ log(t) ≤ P (zs). This shows
[(zs,−∞), (zs, P (zs))] ⊂ Trop(π)
−1({zs}).(3.1)
For the other inclusion, observe that by the ultrametric triangle inequality, we have
ρ(x − b) ≤ max(ρ(x − ai), |ai − b|) for all i ∈ [r], which shows ρ(x − b) ≤ P (zs) for all
ρ ∈ ϕ−1trop(zs). Thus, the (r + 1)-th coordinate of any point in the fibre of zs is bounded
above by P (zs). This shows that we have equality in (3.1).
All together, we obtain
X ′ = ΓX(P ) ∪ [(zs,−∞), (zs, P (zs))].
By Lemma 3.6, P is affine everywhere except possibly at zs. Furthermore, we know by
Theorem 2.11 and Lemma 3.2 that X ′ is a tropical curve with all weights equal to 1.
Thus, P can not be affine in zs because otherwise X
′ would not satisfy the balancing
condition. Consequently, the line [(zs,−∞), (zs, P (zs))] is precisely needed to rebalance
the graph ΓX(P ) as explained in Construction 2.23. 
Theorem 3.8 is a special instance of the fact that tropicalizations of linear subspaces
are tropical manifolds, which was to the authors’ knowledge first observed by Speyer
[Spe08]. We give a self-contained proof in our case using Theorem 3.7.
Theorem 3.8. Let ϕ : A1 → Ar be a linear embedding. Then the tropical curve Tropϕ(A
1)
is smooth.
Proof. We do induction on r, with r = 1 being obvious since T is smooth. For the
induction step let ϕ′ : A1 → Ar+1 be given by (x − a1), . . . , (x − ar), (x − b) and we
need to show that Tropϕ′(A
1) is smooth. Note that we already know that all weights of
Tropϕ′(A
1) are equal to 1 by Lemma 3.2. For the other required properties in Definition
2.21, we consider ϕ : A1 → Ar which is given by (x− a1), . . . , (x− ar).
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If b = ai for some i, then as in the proof of Theorem 3.7, Trop(π) is an isomorphism and
we are done since Tropϕ(A
1) is smooth by induction hypothesis. Thus we will in the fol-
lowing assume b 6= ai for all i. We have seen in Theorem 3.7 that Trop(π) : Tropϕ′(A
1)→
Tropϕ(A
1) is a tropical modification and the vertices of Tropϕ′(A
1) are precisely the
preimages of the ones of Tropϕ(A
1), plus (zs,−∞) and (zs, P (zs)), where zs denotes the
point (log |b− ai|)i∈[r] and P the function from Definition 3.4.
By induction hypothesis, we know that Tropϕ(A
1) is smooth. For a vertex z of
Tropϕ′(A
1) which is neither (zs,−∞) nor (zs, P (zs)), we have invariance of valence
val(z) = val(Trop(π)(z)) and dimension dim(z) = dim(Trop(π)(z)). Thus z is a smooth
point since Trop(π)(z) is.
We examine now the situation at z = (zs, P (zs)). Let σ1, . . . , σk be the edges adjacent
to zs. Denote by σ
P
i the image of σ under the map y 7→ (y, P (y)). The edges adjacent
to z are then given by σP1 , . . . , σ
P
k , {zs}× [P (zs),−∞] and thus val(z) = val(zs)+ 1. We
have dim(zs) = dim〈νzs,σ1 , . . . , νzs,σk〉 and νz,σPi
= (νzs,σi , ci) for some ci ∈ R. Then
dim(z) = dim〈νz,σP1 , . . . , νz,σPk
, (0, . . . , 0, 1)〉
= dim〈(νz,σ1 , 0), . . . , (νz,σk , 0), (0, . . . , 0, 1)〉 = dim(zs) + 1.
and consequently val(z) = dim(z) + 1.
The point (zs,−∞) lies at infinity, thus dim(z) = 0, and has only the adjacent edge
[(zs,−∞), (zs, P (zs))], thus val(z) = 1. Altogether, we have val(z) = dim(z) + 1 for all
vertices of Tropϕ′(A
1), which precisely means that Tropϕ′(A
1) is smooth, completing the
induction. 
Corollary 3.9. Let ϕ : A1 → Ar be a linear embedding. Then every open subset Ω of
Tropϕ(A
1) has PD.
Proof. The assertion follows directly by Theorem 3.8 and Theorem 2.22. 
3.2. Calculating cohomology with compact support using only one tropical
chart. In this subsection, we introduce linear A-tropical charts and show that for any
standard open subset V of A1,an it suffices to consider one linear A-tropical chart (V, ϕ)
to determine the cohomology with compact support of V (cf. Theorem 3.14).
Definition 3.10. An A-tropical chart (V, ϕ) is called a linear A-tropical chart if the
map ϕ is a linear embedding.
An A-tropical subchart (V ′, ϕ′) is called a linear A-tropical subchart if ϕ′ is a linear
refinement of ϕ.
The next proposition shows that, when defining forms on A1,an, we may restrict our
attention to linear A-tropical charts.
Proposition 3.11. Let V be an open subset of A1,an and (V, ϕ) an A-tropical chart.
Then there exists a linear A-tropical chart (V, ϕ′) such that for all α ∈ Ap,q(ϕtrop(V ))
there exists α′ ∈ Ap,q(ϕ′trop(V )) such that
(V, ϕ, α) = (V, ϕ′, α′) ∈ Ap,q(V ).
Proof. Let U ⊂ A1 be the domain of ϕ and fi, gi such that ϕ : U → A
r is given by fi/gi.
Write fi = ci
∏si
j=1(x − aij) and gi = di
∏ti
k=1(x − bik). Let ϕ
′ : A1 →
∏r
i=1
(
Asi ×Ati
)
be the closed embedding given by (x − aij) and (x − bik) for i = 1, . . . , r, j = 1, . . . , si
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and k = 1, . . . , ti. Note that ϕ
′(U) is contained in
∏r
i=1
(
Asi ×Gtim
)
since the gi do not
vanish on U . The maps
ηi : A
si ×Gtim → A
1
which are given by x 7→
ci
∏si
j=1 Tij
di
∏ti
k=1
Sik
induce a map
η :
r∏
i=1
(
Asi ×Gtim
)
→ Ar .
Restricting our attention to the respective images of U , one can easily check on coordinate
rings that the diagram
(ϕ× ϕ′)(U)
π2
&&▼▼
▼▼
▼▼
▼▼
▼▼
π1
xxrrr
rr
rr
rr
r
ϕ(U) ϕ′(U)
η
oo
U
ϕ′
88qqqqqqqqqqqq
ϕ
ff▼▼▼▼▼▼▼▼▼▼▼
ϕ×ϕ′
OO
commutes, where ϕ× ϕ′ : U → Ar×
∏r
i=1
(
Asi ×Ati
)
.
Since η is a torus equivariant map composed with a multiplicative translation, it
induces an extended affine map Trop(η) on the tropicalizations, which is given in the
following way: We denote a point in
∏r
i=1
(
Tsi × Tti
)
by (y1, z1, . . . , yr, zr) where yi =
(yi,1, . . . , yi,si) ∈ T
si and zi = (zi,1, . . . , zi,ti) ∈ T
ti . Then for each i we have
Trop(ηi) : T
si × Rti → T
(yi,1, . . . , yi,si , zi,1, . . . , zi,ti) 7→
∑
yi,j −
∑
zi,k + log(ci/di).
and
Trop(η) :
r∏
i=1
(
Tsi × Rti
)
→ Tr
(y1, z1, . . . , yr, zr) 7→ (Trop(ηi)(yi, zi))i∈[r].
We obtain the following commutative diagram of tropicalizations:
Tropϕ×ϕ′(U)
Trop(π1)
ww♦♦♦
♦♦
♦♦
♦♦
♦♦ Trop(π2)
''❖❖
❖❖
❖❖
❖❖
❖❖
❖
Tropϕ(U) Tropϕ′(U)Trop(η)
oo
For α ∈ Ap,q(ϕtrop(V )) we define α
′ := Trop(η)∗α ∈ Ap,q(ϕ′trop(V )). Note that V =
ϕ′−1trop(Trop(η)
−1(ϕtrop(V )), thus (V, ϕ
′) is indeed a tropical chart. Now the discussion
after Definition 2.12 shows that (V, ϕ × ϕ′) is a common subchart of (V, ϕ) and (V, ϕ′).
The commutativity of the last diagram shows that Trop(π1)
∗α = Trop(π2)
∗α′ which
precisely means (V, ϕ, α) = (V, ϕ′, α′) ∈ Ap,q(V ). 
Lemma 3.12. Let V be a standard open subset of A1,an. Then V admits a linear A-
tropical chart (V, ϕ).
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Proof. By definition
V = {x ∈ A1,an | bi < |fi(x)| < ci, i = 1, . . . , r}
for polynomials f1, . . . , fr ∈ K[x] and elements bi ∈ R and ci ∈ R>0. We take g1, . . . , gs
such that f1, . . . , fr, g1, . . . , gs generate K[x] as a K-algebra and denote by ϕ the corre-
sponding closed embedding. Then V is precisely the preimage under ϕtrop : A
1,an → Tr+s
of the product of intervals of the form [−∞, log(ci)), (log(bi), log(ci)) and [−∞,∞) in
Tr+s. Thus (V, ϕ) is an A-tropical chart, and so the claim follows by Proposition 3.11. 
Lemma 3.13. Let V be an open subset of A1,an which admits an A-tropical chart (V, ϕ).
For every α ∈ Ap,qc (V ) there exists an A-tropical chart (V,Φ) with Φ defined on all of A
1
such that α is the pullback of a form α′ ∈ Ap,qc (Φtrop(V )).
Proof. Let α ∈ Ap,qc (V ) be given by a family (Vi, ϕi, αi)i∈I . We fix a finite subset I
′
of I such that supp(α) ⊂ V ′ :=
⋃
i∈I′ Vi. Since linear A-tropical charts in particular
are defined on all of A1, we may assume by Proposition 3.11 that each of the ϕi is
defined on all of A1. Denote Φ := ϕ ×
∏
i∈I′ ϕi, which is a refinement of all ϕi with
i ∈ I ′ and ϕ. Thus (V,Φ) and (Vi,Φ) for i ∈ I
′ are A-tropical charts by the discussion
after Definition 2.12 and consequently (V ′,Φ) is. We denote by α′i the pullback of αi
to Φtrop(Vi). Then α
′
i|Φtrop(Vj) − α
′
j |Φtrop(Vi) = 0 since Φ
∗
trop(α
′
i|Φtrop(Vj) − α
′
j |Φtrop(Vi)) =
α|Vi∩Vj − α|Vj∩Vi = 0 and Φ
∗
trop is injective by Proposition 2.14. Thus the forms (α
′
i)i∈I′
glue to a form α′ ∈ Ap,q(Φtrop(V
′)) which pulls back to α|V ′ . By Proposition 2.14, we
have supp(α′) = Φtrop(supp(α|V ′)), thus it is compact. Then extending α
′ by zero to a
form on Φtrop(V ) shows that α can be defined by one triple (V,Φ, α
′). 
Theorem 3.14. Let V be a standard open subset of A1,an. Then
Ap,qc (V ) = lim−→A
p,q
c (ϕtrop(V )) and(3.2)
Hp,qc (V ) = lim−→
Hp,qc (ϕtrop(V )),(3.3)
where the limits run over the linear A-tropical charts (V, ϕ).
Further, for a linear A-tropical chart (V, ϕ) we have that
Hp,qc (ϕtrop(V ))→ H
p,q
c (V )(3.4)
is an isomorphism.
Proof. For any A-tropical chart (V, ϕ), the pullback along the proper map ϕtrop induces
a well defined morphism Ap,qc (ϕtrop(V )) → A
p,q
c (V ). By Definition 2.13, this map is
compatible with pullback between charts. Thus the universal property of the direct
limit leads to a morphism Ψ: lim−→A
p,q
c (ϕtrop(V )) → A
p,q
c (V ), where the limit runs over
all linear A-tropical charts of V . By Lemma 3.12, there exists an A-tropical chart for V .
Further, by Lemma 3.13, every α ∈ Ap,qc (V ) can be defined by one chart (V, ϕ) which we
may assume to be a linear A-tropical chart by Proposition 3.11. Hence, Ψ is surjective.
Since the pullback along ϕtrop is injective by Proposition 2.14 and α ∈ A
p,q
c (V ) can
be defined by only one chart, the morphism Ψ is injective as well. This shows (3.2).
Equation (3.3) follows because direct limits commute with cohomology.
By Theorem 3.7, in (3.3) all transition maps are pullbacks along compositions of
tropical modifications, thus isomorphisms by Proposition 2.24. This shows (3.4). 
4. Poincaré duality
The goal of this section is to prove Poincaré duality for a class of open subsets of
Xan for a smooth algebraic curve X. To do this, we will first prove a lemma which
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lets us deduce Poincaré duality from local considerations. Poincaré duality is our key
statement to prove Theorem 5.1 and Theorem 5.7, where we calculate the dimension of
the cohomology.
Remark 4.1. From the definition of Ap,q given in this paper (cf. Definition 2.13), it is
not clear that this definition (and the associated d′′, the wedge product and integration)
are functorial along analytic morphisms which do not come from algebraic morphisms.
We will briefly explain why this is the case, at least when K is non-trivially valued. In
that case, there is the definition of Ap,q by Gubler [Gub16], which is equivalent to the one
presented here by [Jel16a, Theorem 3.2.41 & Lemma 3.2.59]. There is also the definition
of Chambert–Loir and Ducros, which is purely analytic, thus in particular functorial
along analytic morphisms. This approach is also equivalent to the one by Gubler, as is
shown in [Gub16, Proposition 7.2 & Proposition 7.11].
In total, we obtain that if K is non-trivially valued, our construction of Ap,q, d′′, ∧ and
integration is equivalent to the ones by Chambert–Loir and Ducros, thus in particular
functorial along analytic morphisms. This implies that PD is also functorial since this
is just a combination of the wedge product and integration.
Recall the definitions of Lp and Gp from Definition 2.15. Note that Lp(V ) = Hp,0(V )
and Gp(V ) = H1−p,1c (V )
∗ for an open subset V ⊂ Xan. We will use many times that
Hq(A1−p,1−•c
∗
(V ), d′′∗) = H1−p,1−qc (V )
∗ (cf. Lemma 2.18). We start with the following
general observation, which allows us to prove PD using local considerations.
Lemma 4.2. Let X be an algebraic curve and V ⊂ Xan an open subset. Assume
that PD: LpV → G
1−p
V is an isomorphism of sheaves on V and that further the complex
(A1−p,1−•V,c
∗
, d′′∗) is exact in positive degree. Then V has PD.
Proof. In the given situation, PD: Ap,•V → A
1−p,1−•
V,c
∗
is a quasi-isomorphism of com-
plexes of sheaves on V . This is the case because the complexes are both exact in positive
degree (by assumption resp. Theorem 2.17) and the map restricts to an isomorphism
on the zeroth cohomology (also by assumption). Thus the left diagram is a commuta-
tive diagram of acylic resolutions (note that A1−p,1−•V,c
∗
is flasque by Lemma 2.18), and
PD: LpV → G
1−p
V is an isomorphism.
LpV
//
PD

(Ap,•V , d
′′)
PD

Hq(V,LpV )
PD

Hq(Ap,•(V ), d′′)
PD

G1−pV
// (A1−p,1−•V,c
∗
, d′′∗) Hq(V,G1−pV ) H
q(A1−p,1−•c (V )
∗, d′′∗)
We thus obtain the diagram on the right since we can use the acyclic resolutions on
the left to calculate the sheaf cohomology of LpV resp. G
1−p
V . Due to H
q(Ap,•(V ), d′′) =
Hp,q(V ) and Hq(A1−p,1−•c (V )
∗, d′′∗) = H1−p,1−qc (V )
∗, the result follows. 
Theorem 4.3. Let V be an open subset of P1,an. Then PD: LpV → G
1−p
V is an isomor-
phism of sheaves on V and the complex (A1−p,1−•V,c
∗
, d′′∗) is exact in positive degree. In
particular, V has PD.
Proof. That PD: LpV → G
1−p
V is an isomorphism of sheaves on V and that the complex
(A1−p,1−•V,c
∗
, d′′∗) is exact in positive degree are local conditions, thus we may assume
V ⊂ A1,an. We can cover V by linear A-tropical charts (W,ϕW ) contained in V by
Lemma 3.12, and we can choose the W sufficiently small such that ΩW := ϕW,trop(W ),
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which is an open subset of the tropical curve TropϕW (A
1), is connected and has at most
one vertex for some polyhedral structure C on TropϕW (A
1). By Corollary 3.9, ΩW has
PD. Thus H1−p,1−qc (ΩW ) vanishes if and only if H
p,q(ΩW ) vanishes. Since ΩW has at
most one vertex, by the Poincaré Lemma 2.8 these groups vanish for q > 0. Now by
Theorem 3.14, we have an isomorphism H1−p,1−qc (W ) ≃ H
1−p,1−q
c (ΩW ), which shows that
H1−p,1−qc (W )
∗ vanishes for q > 0. This proves exactness of A1−p,1−•V,c
∗
in positive degree.
We further have the following maps
Lp(ΩW ) →֒ L
p(W ) →֒ G1−p(W ) ≃ G1−p(ΩW ) ≃ L
p(ΩW ).
Here, the first map is the pullback along ϕW,trop, which is injective by Proposition 2.14.
The second map is the PD map on W , which is injective by Lemma 2.20. The third
map is the dual of the pullback of ϕW,trop in cohomology with compact support, which
is an isomorphism by Theorem 3.14. The fourth map is the inverse of the PD map on
ΩW , which is an isomorphism by Corollary 3.9. Since PD commutes with pullbacks, the
composition is indeed the identity. In particular, PD: Lp ≃ G1−p is an isomorphism.
That V has PD now follows from Lemma 4.2. 
In the next corollary, we need K to be non-trivially valued to ensure functoriality
along analytic maps.
Corollary 4.4. Assume that K is non-trivially valued. Let X be a smooth curve and
V ⊂ Xan an open subset such that all points of type 2 in V have genus 0. Then V has
PD. In particular, if X is a Mumford curve, every open subset of Xan has PD.
Proof. We claim that PD: LpV → G
1−p
V is an isomorphism of sheaves on V and that the
complex (A1−p,1−•V,c
∗
, d′′∗) is exact in positive degree.
Because this is a purely local question and V is locally isomorphic to P1,an by Propo-
sition 2.26, we may assume that V is isomorphic to an open subset of P1,an. Since A•,•,
d′′ and PD are functorial along analytic maps by Remark 4.1, we may thus assume
V ⊂ P1,an. Now the claim follows from Theorem 4.3.
That V has PD now follows from Lemma 4.2. For a Mumford curve X, the analytifi-
cation Xan contains no type 2 points of positive genus by Theorem 2.28 and Proposition
2.26. Thus the statement for open subsets of Mumford curves follows. 
Corollary 4.5. Let V be a standard open subset of A1,an and (V, ϕ) a linear A-tropical
chart. Then we have Hp,q(ϕtrop(V )) ≃ H
p,q(V ).
Proof. Since the wedge product and the integration map are compatible with pullback
along ϕtrop, we find the following commutative diagram
Hp,q(ϕtrop(V ))
PD //

H1−p,1−qc (ϕtrop(V ))
∗
Hp,q(V )
PD // H1−p,1−qc (V )
∗.
OO
Both PD maps are isomorphisms by Corollary 3.9 and Theorem 4.3 and the right vertical
map is an isomorphism by Theorem 3.14. Thus the left vertical map is one as well. 
5. Cohomology of Mumford curves
In this section, we give a calculation of hp,q(Xan) for P1 and Mumford curves (cf. The-
orem 5.1). For these curves we can further determine hp,q and hp,qc on a basis of the
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topology of Xan. Note that the Poincaré lemma proved in [Jel16b] does not give a basis
of open subsets V such that Hp,q(V ) = 0 for q > 0. We will show that we obtain such a
basis for open subsets of P1 and Mumford curves.
The key statement in this calculation is Poincaré duality for certain open subsets V
of Xan for smooth algebraic curves X from Section 4.
Theorem 5.1. Let either X be P1K or K be non-trivially valued and X a Mumford curve
over K. We denote by g the genus of X and let p, q ∈ {0, 1}. Then we have
hp,q(Xan) =
{
1 if p = q,
g else.
Proof. We have h0,0(Xan) = 1 by Theorem 2.17 and h0,1(Xan) = g by Theorem 2.28.
Thus h1,1(Xan) = 1 and h1,0(Xan) = g follow from Theorem 4.3 if X = P1K , and from
Corollary 4.4 if X is a Mumford curve over a non-trivially valued field. 
We now use the results on the structure of non-archimedean curves from [BPR14,
Section 3 & 4] and work with semistable vertex sets, skeleta and the corresponding
retraction map defined there. Since these results are only worked out for non-trivially
valued K, we assume from now on that K is non-trivially valued. For a semistable vertex
set V0 and a smooth projective curve X, we write Σ(X,V0) for the skeleton and τ = τV0
for the retraction from Xan to Σ(X,V0).
The following definition is inspired by [BPR14, Corollary 4.27 & Definition 4.28].
Definition 5.2. Let X be a smooth curve. An open subset V of Xan is called simple if
it is either isomorphic to an open disc or an open annulus or if there exists a semistable
vertex set V0 and a simply connected open subset W of Σ(X,V0) such that V = τ
−1
V0
(W ).
A simple open subset V is called strictly simple if its closure in Xan is simply connected
in the case of a disc or an annulus or if the closure of W in Σ(X,V0) is simply connected
for V = τ−1(W ).
Proposition 5.3. Strictly simple open subsets form a basis of the topology of Xan.
Proof. For simple open subsets, this follows from [BPR14, Corollary 4.27]. Thus it is
enough to show that we can cover simple subsets by strictly simple ones. If V is an
open disc or annulus, then we can cover V by open discs and annuli whose closures
are contained in V , thus their closures are simply connected again. If V = τ−1(W )
for W ⊂ Σ(X,V0) open, then we can cover W by open subsets Wi whose closure (in
Σ(X,V0)) is contained in W . Thus the closure of Wi is simply connected, and so every
Vi is strictly simple. 
For an algebraic curve X and an open subset V of Xan, we denote by ∂V the topo-
logical boundary of V inside Xan. Note that this is the same as the set of limit points
of sequences in V which are not contained in V by [Poi13, Corollaire 5.5]. For an open
subset W of a skeleton Σ(X,V0) we denote by ∂W its boundary inside Σ(X,V0). Again
this is the set of limit points of sequences in W which are not contained in W since
Σ(X,V0) is a finite graph, thus satisfies the first countability axiom.
Lemma 5.4. Let X be a smooth projective curve, V0 a semistable vertex set, W ⊂
Σ(X,V0) an open subset and V = τ
−1
V0
(W ). Then ∂V = ∂W .
Proof. Since W ⊂ V , we have that ∂W is contained in V . If there is a point x ∈ ∂W ∩V ,
we have x = τ(x) ∈ W , where we use that τ is the identity on the skeleton. This
contradicts x ∈ ∂W , and so ∂W ⊂ ∂V .
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Suppose now that x ∈ ∂V . Let (xn) be a sequence in V converging to x. If there are
infinitely many xn in W , then this subsequence also converges to x and thus x ∈ ∂W .
Otherwise, we may assume that xn ∈ V \W for all n. By the definition of τ and [BPR14,
Lemma 3.4 (3)], we have
V \W =
∐
y∈W
τ−1({y}) \ {y}.
Since the sequence (xn) converges, there need to be infinitely many xn in one of its
connected components. Passing again to a subsequence, we may thus assume that there
exists y ∈ W such that xn ∈ τ
−1({y}) \ {y} for all n. Thus x ∈ τ−1({y}) \ {y} =
τ−1({y}) ⊂ V by [BPR14, Lemma 3.2], which contradicts x ∈ ∂V . 
Corollary 5.5. Let X be a smooth projective curve and V a strictly simple open subset
of Xan. Then ∂V is finite.
Proof. If V is an open disc resp. an open annulus with simply connected closure, it has
one resp. two boundary points [?, Lemma 3.3 & Lemma 3.6]. Otherwise this is a direct
consequence of Lemma 5.4 and the fact that ∂W (for W as defined there) is finite. The
latter is the case because W is a connected open subset of a finite graph. 
Lemma 5.6. Let X be a smooth projective curve and V ⊂ Xan a strictly simple open
subset such that #∂V = k. Then V is properly homotopy equivalent to the one point
union of k copies of half open intervals, glued at the closed ends.
Proof. At first, we consider the case where V is an open disc of radius r or an open
annulus with radii r1 < r2. Note that if V is a disc, then k = 1. If V is an annulus,
then k = 2 since the closure of V is simply connected. In both situations, we may thus
assume that X = P1. For any R > 0 we denote by ζR the point in P
1,an which is given
by the seminorm f 7→ supc∈D(0,R) |f(c)| and by [ζR, ζR′ ] the unique path between two
such points in the uniquely path connected space P1,an [BR10, Lemma 2.10].
If V is an open disc of radius r, by change of coordinates we may assume that V is
the connected component of P1,an\{ζr} containing 0. We take V0 to be the semistable
vertex set consisting of ζR1 and ζR2 with R1, R2 ∈ |K
×| and R1 < r < R2. Then
Σ(P1, V0) = [ζR1 , ζR2 ] and we find V = τ
−1([ζR1 , ζr)). Since τ is a homotopy equivalence
between compact spaces, it induces a proper homotopy equivalence V → [ζR1 , ζr).
If V is an annulus with radii r1 < r2, we take R1, R2 ∈ |K
×| with R1 < r1 and
r2 < R2. Then Σ(P
1, V0) = [ζR1 , ζR2 ] and now V = τ
−1((ζr1 , ζr2)). Again, (ζr1 , ζr2) is
properly homotopy equivalent to V .
Now let V = τ−1(W ) for a simply connected open subset W of Σ(X,V0) for some
semistable vertex set V0. Again, W is properly homotopy equivalent to V . Since W
is simply connected, W is the interior of a simply connected finite graph contained in
Σ(X,V0), thus properly homotopy equivalent to the one point union of #∂W copies of
half open intervals, glued at the closed ends. The result now follows from Lemma 5.4. 
Note that the following theorem applies to all strictly simple open subsets V of Xan
if X is a Mumford curve or P1 by Theorem 2.28 and Proposition 2.26.
Theorem 5.7. Let X be a smooth projective curve over K and p, q ∈ {0, 1}. Let V be
a strictly simple open subset of Xan such that all type 2 points in V have genus 0 and
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denote by k := #∂V the finite number of boundary points. Then we have
hp,q(V ) =

1 if (p, q) = (0, 0)
k − 1 if (p, q) = (1, 0)
0 if q 6= 0
and hp,qc (V ) =

1 if (p, q) = (1, 1)
k − 1 if (p, q) = (0, 1)
0 if q 6= 1.
Proof. First, note that V has PD by Corollary 4.4. Thus it is sufficient to calculate
h0,q(V ) and h0,qc (V ). By identification with singular cohomology (cf. Theorem 2.17),
we only have to calculate hqsing(V ) and h
q
c,sing(V ), which are invariant under proper
homotopy equivalences. Thus by Lemma 5.6, we have to calculate hqsing(Y ) and h
q
c,sing(Y )
for Y a one point union of k intervals. Since Y is connected and contractible, we have
h0sing(Y ) = 1 and h
1
sing(Y ) = 0. Calculating its cohomology with compact support is an
exercise in algebraic topology, which we lay out for the convenience of the reader. We
have
Hqc,sing(Y ) = lim−→
E⊂Y compact
Hqsing(Y, Y \E)
by [Hat02, p. 244]. Each compact subset E′ of Y is contained in a connected compact
subset E where E intersects all intervals from which Y is glued. Thus we may restrict our
attention to those E. For every pair E1 ⊂ E2 of such subsets, (Y, Y \E2) →֒ (Y, Y \E1)
is a homotopy equivalence, thus all transition maps in the limit are isomorphisms. We
have H0sing(Y ) = R, H
0
sing(Y \ E) = R
k and for both Y and Y \ E higher cohomology
groups vanish. Now using the long exact sequence of pairs gives the desired result. 
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